Using Monte Carlo integration methods, we describe the behavior of the exact four-spinon dynamic structure function S 4 in the antiferromagnetic spin 1/2 Heisenberg quantum spin chain as a function of the neutron energy ω and momentum transfer k. We also determine the fourspinon continuum, the extent of the region in the (k, ω) plane outside which S 4 is identically zero. In each case, the behavior of S 4 is shown to be consistent with the four-spinon continuum and compared to the one of the exact two-spinon dynamic structure function S 2 . Overall shape similarity is noted.
Introduction
The spin s = 1 2 Heisenberg quantum spin chain describes the magnetic properties of quasi-onedimensional antiferromagnetic compounds like KCuF 3 [1] . The spin dynamics is experimentally investigated using inelastic neutron scattering [2] . From a theoretical standpoint, the quantity of interest is the dynamic structure function (DSF) S of two local spin operators. This is because the magnetic scattering cross section per magnetic site is directly proportional to it [3] .
The Heisenberg model has been studied quite intensively [4, 5] , and because of the presence of the U q ( sl 2 ) symmetry [6] , a number of exact results are available. Static properties need only the Yang-Baxter relation [5] , whereas dynamic correlation functions require the additional notion of vertex operators and exploit bosonization methods [7] . One thus obtains compact expressions for form factors [6] .
Regarding the dynamic structure function, the focus has so far been on S 2 , the two-spinon contribution to the total S. First there has been the Anderson (semi-classical) spin-wave theory [8] , an approach based on an expansion in powers of 1/s and hence, exact only in the classical limit s = ∞. It can describe with some satisfaction compounds with higher spins [9] , but fails in the quantum limit s = 1 2 . For this latter system, the Müller ansatz has been proposed, built mainly from finite-chain calculations and symmetry considerations [10] . It is an approximate expression for S 2 that accounts satisfactorily for many aspects of the phenomenology [2] . More recently, an exact expression for S 2 has been obtained, making extensive use of the U q ( sl 2 ) symmetry [11] , and a comparison with the Müller ansatz shows that it gives a better account of the data [12, 13] .
Beyond the two-spinon DSF S 2 are of course all the other S 2p>2 contributions. The first one to look at is the four-spinon dynamic structure function S 4 , and the purpose of the present article is to describe its behavior. An exact expression for S 4 has been derived in [14] , see also [15] . It is by far a lot more involved than that of S 2 and one must emphasize that extensive use of the U q ( sl 2 ) quantum algebra symmetry is necessary in order to arrive at the result (17) (18) (19) (20) (21) below. We intend to use that exact expression to describe the behavior of S 4 as a function of the neutron energy transfer ω and neutron momentum transfer k. It must be clear that our primary goal in this article is to demonstrate that even if it appears in an intricate form, exact S 4 can nevertheless deliver tangible and useful information. In other words, detecting and exploiting a quantum group symmetry in a given model can be phenomenologically fruitful and should not be discarded as a simple 'curious academic exercise'.
We must mention that a preliminary investigation into the behavior of S 4 has already been initiated in [16] . There we have used quadratures to perform the integrations involved in the expression of S 4 . But because of slow convergence of the algorithms we wrote, we could describe the behavior of S 4 only as a function of k, and only for relatively small values of ω. In the present work, the integrations are performed using Monte Carlo methods, and this makes it possible not only to study S 4 as a function of k for a wider range of values of ω, but obtain a description of S 4 as a function of ω for a wide range of values of k as well. It is however important to note that, for the same values of ω, the behavior of S 4 as a function of k we obtain here by Monte Carlo methods is similar and consistent with the one we obtained in [16] using quadratures. Also, we systematically carry a comparison of each result we obtain regarding S 4 to a corresponding one regarding S 2 . The reason is that there is good familiarity in the literature with the two-spinon DSF and so, such a comparison allows faster acquaintance with the four-spinon contribution. To have the discussion as clear as possible, we scale both S 4 and S 2 to one. All results concerning S 2 are already known [11, 12] ; only those concerning S 4 are new.
A final comment regards the precision of the Monte Carlo runs. Although the statistics is satisfactory in general, except for certain few points, we refrain in this article from carrying a discussion of the precision of our results. As mentioned earlier, our primary goal here is to show that it is possible to go beyond the two-spinon DSF. In a forthcoming work [17] , we calculate a number of sum rules for S 4 (and S 2 ) the total DSF is known to satisfy exactly, and it is there that we reserve space for a full discussion of the precision of the Monte Carlo runs.
This article is organized as follows. After these introductory remarks, we describe in the next section the Heisenberg model and give the definition of the dynamic structure function.
We write its decomposition in 2p-spinon contributions and give the expressions of S 2 and S 4 . In section three, we first determine the four-spinon continuum, the region in the (k, ω) plane outside which S 4 is identically zero. We will see that it extends beyond the spin-wave des Cloizeaux and Pearson boundaries. To the best of our knowledge, this result is a first direct and explicit exact theoretical confirmation that the total S for the infinite chain tails outside the spin-wave continuum. Next in this section is a description of the behavior of S 4 as a function of ω for fixed values of k followed by a comparison with the corresponding behavior of S 2 . It is seen that there is consistency with the four-spinon continuum and that the overall shape (not the details) of S 4 is similar to the one of S 2 , each in its own respective continuum. Last is carried a description of the behavior of S 4 as a function of k for fixed values of ω and a comparison with the corresponding one of S 2 . Here too similarity between the two overall shapes is found as well as consistency with the four-spinon continuum. Section four includes concluding remarks and indicates few directions in which this work can be carried forward. This paper is a continuation of the work [14] . We use the same notation except for a slight modification in (18) where here we introduce the function h instead of the function f with the relation f ≡ exp (−h).
Four-spinon dynamic structure function
The antiferromagnetic spin-1 2 XXX Heisenberg chain is defined as the isotropic limit of the XXZ anisotropic Heisenberg Hamiltonian:
∆ = (q + q −1 )/2 is the anisotropy parameter and q is the deformation parameter in U q ( sl 2 ).
The isotropic antiferromagnetic limit is obtained as ∆ → −1 − , or equivalently q → −1 − . Here σ x,y,z n are the usual Pauli matrices acting at the site n of the chain. The exact diagonalization of this Hamiltonian is performed directly in the thermodynamic limit. This is necessary if we want to exploit the U q ( sl 2 ) quantum group symmetry present in the model [6] . One consequence is the appearance of two vacuum states |0 i , i = 0, 1 due to two different boundary conditions on the infinite chain. The Hilbert space F consists of n-spinon energy eigenstates |ξ 1 , ..., ξ n 1 ,..., n; i such that:
where e(ξ j ) is the energy of spinon j and ξ j is a spectral parameter living on the unit circle. In the above relation, j = ±1. The translation operator T which shifts the spin chain by one site acts on the energy eigenstates in the following manner:
where τ (ξ j ) = e −ip(ξ j ) and p(ξ j ) is the lattice momentum of spinon j. The exact expressions of the spinon energy and lattice momentum in terms of the spectral parameter are known in the literature [6, 14, 18] . We are interested in their XXX limit and it is given below in eq (12) .
The completeness relation in F reads:
The two-point dynamic structure function is defined as the Fourier transform of the zerotemperature vacuum-to-vacuum two-point function. The transverse DSF is therefore defined by:
where ω and k are the neutron energy and momentum transfer respectively, and σ ± denotes (σ x ± iσ y )/2. The DSF satisfies the following relations:
expressing reflection symmetry and periodicity. Inserting the completeness relation (4) and using the Heisenberg relation:
we can write the transverse DSF as the sum of n-spinon contributions:
where the n-spinon DSF S n is given by:
a relation in which X i denotes the form factor:
In relation (9), i + m is to be read modulo 2. Note that each S n satisfies the symmetry relations (6) .
An exact expression for the form factor X i is known [6, 19] . To arrive at the result, one has to exploit extensively the infinite-dimensional representation of U q ( sl 2 ) and bosonize the relevant vertex operators in order to be able to manipulate in a systematic way traces of these operators which ultimately yield the correlation functions. Using this form factor, it is possible to give an exact expression for the n-spinon DSF in the anisotropic case [14] and determine its isotropic limit [15] , obtained via the replacement [6, 14] :
where ρ becomes the spectral parameter suited for this limit. The expressions of the energy e and momentum p in terms of ρ then read:
It turns out that the transverse two-spinon DSF S 2 does not involve a contour integration, see (9) . Its exact expression has been derived in [11] . It reads:
where Θ is the Heaviside step function and the function I(ρ) is given by:
ω 2u(l) is the upper (lower) bound of the two-spinon excitation energies called the des Cloizeaux and Pearson (dCP) [10, 11] upper (lower) bound or limit. They read:
The quantity ρ is related to ω and k by the relation:
which is obtained using eq (12) and the energy-momentum conservation laws. The properties of S 2 have been discussed in [12, 13] where a comparison with the Müller ansatz [10] is carried.
The four-spinon DSF S 4 involves only one contour integration and its expression is given in [14] . For 0 ≤ k ≤ π it reads:
For other values of k, it extends by symmetry using (6) . C 4 is a numerical constant irrelevant for the present work since we will scale S 4 to unity, and the integrand F is given by:
The different quantities involved in this expression are as follows.
The function h is given by:
where ρ jj = ρ j − ρ j and the function g reads:
where Θ is the Heaviside step function. In (18) , the sum (p 1 ,p 2 ) is over the two pairs (p 1 , p 2 ) and (p 2 , p 1 ) solutions of the energy-momentum conservation laws:
They read:
Note that the solution in (23) is allowed as long as W l ≤ W ≤ W u where W u is given in (19) and:
The (analytic) behavior of the function F in (18) is discussed in [14] . It is shown that the series g is convergent. It is also shown that g stays finite when two ρ i 's or more get equal.
Since the function exp (−h) goes to zero in these regions [12] , the integrand F of S 4 is regular there. Furthermore, it is shown that F is exponentially convergent when one of the ρ i 's goes to infinity, which means the two integrals over p 3 and p 4 in (17) do not yield infinities. All these analytic results help secure safe numerical manipulations.
Behavior of exact four-spinon DSF
From now on, we restrict ourselves to the interval 0 ≤ k ≤ π. All forthcoming results can be carried to the other intervals of k using the symmetry relations (6) . Also, we scale both S 4 and S 2 to appropriate units in order to display conveniently their respective behaviors.
Four-spinon continuum
The first feature we discuss is the 'four-spinon continuum', by analogy with the two-spinon (or the spin-wave) continuum. It is the extent of the region in the (k, ω)-plane outside which S 4 is identically zero. Remember that from (13), S 2 is confined to the region
where ω 2l,u (k) are the dCP boundaries given in (15) . From the condition W l ≤ W ≤ W u mentioned after (23), we deduce that in order for S 4 to be nonzero identically, we must have
, where:
We see that ω 4l (k) and ω 4u (k) are a sort of four-spinon dCP boundaries for S 4 . The two and four-spinon continua are drawn in figure 1 below. We immediately notice that the four-spinon continuum is not restricted to the region between the two-spinon dCP branches, which means, a fortiori, that the full S is also not confined to the spin-wave continuum. This is a direct and explicit theoretical confirmation of the 'tail' of the dynamic structure function observed outside the spin-wave continuum in finite-chain numerical calculations [10] and the phenomenology [2] .
Due to the six and higher spinon contributions, it is actually legitimate to expect the full DSF to tail even further outside the four-spinon continuum, with arguably much smaller values. For example, in the interval 0 ≤ k/π < 0.51741, there is a narrow region between ω 2u and ω 4l inside which both S 2 and S 4 are identically zero whereas the total S may have (very small) nonzero values, something that could eventually be checked in finite-chain calculations. However, it is not possible to estimate exactly the continua corresponding to the S n>4 without manageable explicit formulae for these. But what is already clear from our study is the fact that indeed, the spin-wave continuum is not restrictive to the total dynamic structure function. There are further general features we can also read from figure 1 without having recourse to detailed calculations. For example, we see that inside the interval 0 ≤ k/π < 0.51741, the fourspinon continuum lies entirely above the two-spinon continuum. Given the presumed smallness of the S 2p>4 contributions to the total S, this means that for this interval, S 2 may be accepted as a good approximation for the total S between the spin-wave boundaries and S 4 between ω 4l and ω 4u . For 0.51741 ≤ k/π ≤ 1 however and as k increases, there is increasing overlap between the two continua so that inside the spin-wave continuum, we may expect S to divert in perhaps a non-negligible way from S 2 . These statements can possibly be checked in finite chain calculations but such a treatment is not the purpose of the present work.
Behavior as a function of the energy transfer
Next we describe the behavior of S 4 as a function of ω for fixed values of k. Figure 2 displays the shapes of S 4 for respectively k/π = 1/4, 1/2, 3/4 and 1. As an illustration, take for example the case k/π = 1/4. We see in figure 2 that S 4 is zero until ω/π 0.68, which corresponds to the beginning of the four-spinon continuum ω 4l (π/4)/π = 3 sin(π/12) = 0.77646. We obtain a slightly smaller value when reading directly from figure 2 because of fitting. Note that it is important to check each time consistency with the four-spinon continuum. This is because the lower and upper branches ω 4l,u (k) are not imposed explicitly in the integration algorithm of S 4 unlike the case of S 2 where the corresponding expression (13) incorporates explicitly the two-spinon dCP boundaries ω 2l,u (k). For S 4 , only the conditions W l ≤ W ≤ W u noted just before (24) are imposed. zero to a maximum value, followed by a 'wiggled' slower decrease to zero.
Furthermore, it is interesting to notice that for all values of k, the overall shape of S 4 , not the detail, is roughly similar to the one of S 2 , represented as a function of ω for the same values of k in figure 3 . For instance, for k/π = 1/4, S 2 starts very sharply at about ω/2π 0.35, which corresponds to the start of the two-spinon continuum at ω 2l (π/4)/2π = 0.35355. It reaches a maximum before decreasing more slowly towards zero. The only difference worth mentioning is the decrease of S 4 after its absolute maximum which presents local minima and maxima whereas the decrease of S 2 is always 'smooth'. This may originate from the 'richer' structure of the expression of S 4 with respect to that of S 2 . It may also be of some physical significance, but such an understanding is lacking for the present time.
Behavior as a function of the momentum transfer
Last we describe the behavior of S 4 as a function of k for fixed values of ω. In figure 4 Here too S 2 has a similar overall behavior within its own (two-spinon) continuum. Figure 5 displays the behavior of S 2 with respect to k for the same fixed values of ω. But as ω increases, we notice the richer structure of S 4 with respect to the corresponding one for S 2 . This is likely due to the more involved expression of S 4 . In fact, for larger values of ω, the integrand F in (17) is nonvanishing in larger and larger areas in the (p 3 , p 4 ) plane. For illustration, compare the behavior of F shown in figure 6 for (k, ω) = (0.5π, 2π) with the one shown in figure 7 for (k, ω) = (0.5π, 3π). In this regard, we recall that the quadrature-based algorithms written in [16] were based on this observation and took advantage of the fact that for fairly small values of ω, the integrand F was negligible in large areas of the (p 3 , p 4 ) plane. This is the reason why those algorithms could not be carried to larger values of ω, or be able to describe efficiently a behavior as a function of the neutron energy ω itself. As already mentioned, we have used here Monte Carlo techniques and we can do better, but consistency with [16] is realized, i.e., we have the same behavior of S 4 as a function of k for the same small values of ω.
Conclusion
In this work, we have described the behavior of the exact four-spinon dynamic structure function S 4 in the antiferromagnetic isotropic Heisenberg quantum spin chain at zero temperature as a function of the neutron energy ω and momentum transfer k. We have also determined the four spinon continuum, the region outside which S 4 is identically zero. The discussion was carried in the form of a comparison with the corresponding behavior of the exact two-spinon dynamic structure function S 2 , already known in the literature. Figures 8 and 9 summarize these two behaviors where S 4 (8) and S 2 (9) are drawn in the (k, ω) plane. Recall that we have scaled them down to one.
Also, it is worth mentioning that the precision of our Monte Carlo runs is in general satisfactory (a standard deviation less than 5% in most cases) except for few difficult points. We refrained from discussing thoroughly this technical part of the work here and plan to do it in [17] where we calculate a number of sum rules for S 4 and S 2 the total dynamic structure function is known to satisfy exactly. There are four directions in which one may wish to carry forward with this work. The first is the anisotropic case. The model is exactly soluble and we do have generic expressions for S n in the form of contour integrals in the spectral parameters' complex planes [15] . The difficulty here is that the integrands involve much more complicated functions which are already present in S 2 , and one should expect intricate complexities in this more general case.
The second direction in which one may want to push forward is the situation where there is an external magnetic field. There are finite-chain calculations in this regard, [10] and more recently the works [20] . But one has to remember that the model in not exactly solvable in this case. So one may want to try small perturbations around the zero-field limit solution. The third direction is the finite-temperature case. Here too there are finite-chain results and it is interesting to see those effects on S 2 and S 4 . The fourth direction is to look into the situation of a spin-one chain. The model is still exactly solvable and exploiting the quantum group symmetry, compact expressions for the form factors are available [21, 22, 23] .
